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One of the modern challenges for theoretical condensed matter physicists resides in the explanation of the fractional quantum Hall effect (FQHE) [1] , namely, the reason for the appearance of fractional filling factors. As it is skown, the Hall conductivity of a twodimensional electron system subjected to a strong, uniform magnetic field perpendicular to its plane appears to be quantized [2] 
where ν is the filling factor, i.e. the ratio between the number of electrons and the degeneracy of the corresponding Landau level. Fractions with an odd denominator have been shown to stem from Coulomb interaction [3] . Recently, however, half-integer filling factors have been found [4] . Although the ground state wave function was admirably guessed by Laughlin [5] many years ago, its origin remains to be explained.
One of the most fruitful theoretical approaches to wards the understanding of the FQHE comes from representation theory, this time from quantum groups [6, 7] . It has been shown that the symmetries exhibited by this phenomenon correspond to the quantum group sl q (2) [8, 9, 10, 11] . The parameter q that characterizes the deformation of the classical algebra sl (2) , is related to the filling factor through q = e 2πiν .
(
As it has been shown [12, 13] , the degeneracy of the Landau levels can be readily obtained whenever q is a root of unity.
The foregiong results assume an infinite plane. For finite systems, some kind of boundary conditions are to be assumed. We investigate here the case of periodic boundary conditions, which make the plane into a torus, and show that in the present case the condition that q be a kth root of unity arises naturally, thus providing an explanation for the quantization of the Hall conductance.
A spinless non-relativistic electron constrained to move on a constant perpendicular magnetic field B can be described by the following Hamiltonian
where p x = −ih∂ x and p y = −ih∂ y , and the vector potential is chosen to be in the symmetric gauge
If we introduce the "pseudomomenta"
it is easy to show that they verify the commutation relation
and commute with the above Hamiltonian
Given an arbitrary vector a = (a 1 , a 2 ) on the plane, we define the "magnetic translation" operator by t(a) = e ī h a.P .
From Eq. (6), we find that
where a × b = a 1 b 2 − a 2 b 1 and l is called the magnetic length.
If we now define the following superpositions of the magnetic translation operators
they can be shown to satisfy the following algebraic relations
that constitute the quantum algebra sl q (2) [6, 7] , provided that we choose q to be related in the following way to the arbitrary vectors a and b: q = e i a×b l 2 .
We note that the generators J + , J − and K (which we can regard as q 2J 3 ) are three conserved quantities of the present system. Indeed, from Eqs. (3) and (10) we obtain
meaning in turn that the Hamiltonian under consideration is invariant under the quantum group sl q (2). Consequently, the wave function of this system in the Schrodinger picture is degenerated. It has been shown that the degree of its degeneracy coincides with the dimension of the cyclic irreductible representation of sl q (2) when the q-deformed parameter is a root of unity [12] . Our aim is to examine whether these results hold when we consider the lowest Landau level wave function on Ψ the torus [14] . For that aim, let us consider a rectangular torus of sides L 1 and L 2 [15] . The periodic boundary conditions on Ψ t(L 1 )Ψ = e ī h L 1 .Px Ψ = Ψ, t(L 2 )Ψ = e ī h L 2 .Py Ψ = Ψ, (14) lead to the following relation t(L 1 )t(L 2 ) = t(L 2 )t(L 1 ).
On the other hand, in terms of L 1 and L 2 Eq.(9) reads
Comparing the two last equations, we obtain
The magnetic flux through the surface of the torus
must be an integer due to Dirac quantization. Thus Eq.(17) yields
This relation substantiates the choice of q as a root of unity. In fact, the operators which leave the boundary conditions of Eq. (14) unchanged take the form:
It is possible as before, to realize the quantum group sl q (2) starting from these operators. By writing
we recover the sl q (2) commutation relations Eqs. (11) with
From this equation, we obtain
which means that q is a root of unity and implies that the corresponding representation is cyclic and 2N φ dimensional. By a straightforward calculation, we can prove as previously that
which indicates as in Eq. (13) , that there is a degeneracy of the considered wave function on the torus. To determine its degree as in the case of the plane, we choose a common basis of the operators K ±1 and H to be |l >, where l denotes the total number of available states in the lowest Landau level. From the representation theory of the quantum group sl q (2) it is well known that the action of the generators defined in Eqs.(21) on the states of the system takes the following form:
where the complex constants λ i (i = 1, 2, 3) can be determined by the cyclic properties of the 2N φ -dimensional representation of the quantum group sl q (2) at a root of unity. Eqs.(25) imply that the degree of degeneracy of the lowest Landau level is just 2N φ , which is the dimension of the considered representation, like in the case of the plane [12] and of the Poincaré half-plane [13] .
In summary, we have found that the degeneracy of the lowest Landau level wave function on the torus is given by the fundamental cyclic irreductible representation of sl q (2) when the periodic boundary conditions are imposed. Moreover, we have found that this degree is just 2N φ , being N φ the magnetic flux through that patch of plane.
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